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Abstract 

We classify all strongly real conjugacy classes of the finite unitary group U(n,Fq) when 
q is odd. In particular, we show that g G U(n, Fg) is strongly real if and only if g is an 
element of some embedded orthogonal group 0^(n,Fg). Equivalently, g is strongly real in 
U(n,Fq) if and only if g is real and every elementary divisor of g of the form [t ± l)^™ }ias 
even multiplicity. We apply this to obtain partial results on strongly real classes in the finite 
symplectic group Sp(2n,Fg), q odd, and a generating function for the number of strongly 
real classes in U(rt,Fg), q odd, and we also give partial results on strongly real classes in 
U(7i,Fq) when q is even. 
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1 Introduction 

An element g oia. group G is called real in G if g is conjugate to g~'^ in G. A real element g of G is 
called strongly real in G if there exists some s G G such that = 1 and sgs = g~^. Equivalently, 
g G G is strongly real if we may write g = siS2 for some si,S2 £ G such that = si ~ ^■ 
Since these properties are invariant under conjugation in G, we may speak of real and strongly 
real conjugacy classes of G. The terminology comes from the representation theory of finite 
groups, as it is known that the number of real classes of a finite group G is equal to the number 
of irreducible complex characters of G which are real-valued. There are connections, found by 
Gow [TO] , between the strongly real classes of G and the real- valued irreducible characters of G 
which are characters of real representations, although it is known that these two sets are not 
in bijection in general. It is one long-term goal to better understand the connection between 
strongly real classes of a finite group, and the irreducible complex representations of that group 
which are realizable over the real numbers. 

There is an active program of classifying the real and strongly real classes of finite groups. 
Tiep and Zalesski [18] have classified all finite simple and quasi-simple groups with the property 
that all of their classes are real. Vdovin and Gal't [19j have finished the proof that for any finite 
simple group G with the property that all of its classes are real, must also have the property 
that all of its classes are strongly real, which requires a case-by-case analysis, including results 
in papers of Ellers and Nolte [Ij, Kolesnikov and Nuzhin [16j, Gazdanova and Nuzhin [7J, Gal't 
[6] , and Ramo [17] . Since these cases naturally center around the study of finite simple groups 
of Lie type, there is interest in understanding the real and strongly real classes of finite groups of 
Lie type in general. Gill and the second-named author of this paper have completely classified 
the real and strongly real classes of the finite special linear groups, the finite projective linear 
groups, and the quasi-simple covers of the finite projective special linear groups [3 [9]. 

The main result of this paper, given in Theorem 15. 1^ is a classification of the strongly real 
classes of the (full) unitary group U(n, F^) over a finite field ¥q with q elements, where q is odd. 
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The case of the finite unitary group is of particular interest, since it is closely related to the 
finite general linear group GL(n,Fq) in structure, and in fact the real classes of GL(n,Fq) are 
in natural bijection with the real classes of U(n,Fq) (noticed by Gow |12j). However, while it is 
known that all real classes of GL(n, Fg) are strongly real, this does not hold for the finite unitary 
group. The problem of finding real classes of U(n, ¥g) which are not strongly real was addressed 
in part in a paper of Gow and the third-named author of this paper [13], with applications to 
character theory, where the classification question is answered for regular unipotent elements in 
the finite unitary group. 

The organization of this paper is as follows. In Section [H we first establish notation, give 
a parametrization of the conjugacy classes of U(n,Fq), and explain which of these conjugacy 
classes are real. We then give two known results, Propositions 12.31 and 12.51 which give subsets 
of these real classes which are known to be strongly real, in the cases that q are odd and even, 
respectively. Proposition 12.31 states that when q is odd, if an element g € U(n,Fg) is conjugate 
to an element of an embedded orthogonal group 0^(n,Fq), then g is strongly real. Our main 
result is precisely the converse of this statement. Proposition 12. 51 states that when q is even, if an 
element g £ U(2n,Fg) is conjugate to an element of an embedded symplectic group Sp(2?i,Fq), 
then g is strongly real. The converse of this statement is false, however, which we show in 
Proposition 16. 1[ 

In Section [3l we reduce the problem of classifying strongly real classes in U(n,Fq) to classi- 
fying the unipotent strongly real classes, for any q, in Propositions 13. l l and 13.21 The main work 
is then in Section HI where we concentrate on unipotent classes. The main tool for our argument 
is Proposition 14.11 which roughly states that if a unipotent class of one type is strongly real in 
U(n,Fg), then specific unipotent classes in U(n*,Fq), for certain re* < n, are also strongly real. 
This statement allows for an induction argument, in that if we know certain small unipotent 
classes are not strongly real, then we may conclude that many larger ones are also not strongly 
real. This argument is a generalization of the ideas used in the induction proof of \13\ Proposi- 
tion 5.1], where it is shown that regular unipotent elements in U(re,Fg) are not strongly real if 
either re is even and q is odd, or n is odd and q is even. 

In Section [Sj we prove our main results. As mentioned above, the proof of the main theo- 
rem. Theorem 15.11 is an induction proof using Proposition 14.11 We are reduced to proving that 
unipotent classes of type (2™'2X™i) ^j-g ^ot strongly real in Lemma l5.H which is where we must 
use the assumption that q is odd. After the proof of the main result, we are able to obtain 
Corollary 15. 1^ which gives certain classes of the symplectic group Sp(2re,Fg), q odd, which are 
not strongly real. We also give a generating function for the number of the strongly real classes 
in U(n,Fq), q odd, in Corollarv l5.3i Finally, in Section [6l we conclude with some partial results 
on strongly real classes in U(re,Fq) in the case that q is even. 

Acknowledgments. The third-named author was supported by NSF grant DMS-0854849. 

2 Real conjugacy classes of finite unitary groups 
2.1 Finite unitary groups 

Let Fg be a finite field with q elements, where q is the power of a prime p. We will not restrict 
p at the moment, as many results we state hold for all p. Let Fg2 be the quadratic extension of 
¥q, with F : a ^ a'^ the unique nontrivial automorphism of Fg2/Fq, which we will also denote 
by F{a) = a. Given some matrix g = {aij) with Ojj € Fg2, we also write g = {cl^j). We define 
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the finite unitary group defined over Fg, denoted U(n,Fg), as 

U(n,Fg) = {5GGL(n,F,2) | V' = 5}- 

If V is an n-dimensional Fg2-vector space, define H : V x V ^ ¥^2 by H{v, w) = ^vw, so 
that H \s a, non-degenerate Hermitian form on V , that is, H is Fq2 /F^-sesquilinear and satisfies 
H{v,w) = H{w,v) for all u,v,w G V. We may equivalently define U(n,Fg) as 

U(n,Fg) = {g e GL(n,Fg2) | H{gv,gw) = H{v,w) for all v,w e V}. 

In fact, we may replace H by any non-degenerate Hermitian form on V, and the stabilizing 
group of such a form in GL(n, ¥^2) is still isomorphic to U(n, F^) as defined above [14^ Corollary 
10.4]. In terms of matrices, this means that if J is any invertible Hermitian n-by-n matrix over 
¥q2 , SO satisfies ^ J = J, then we also have 

U(n, ¥g) ^{g€ GL(n, F,2) | ^gJg = J}. (2.1) 

In the case that q is odd, any non-degenerate symmetric bilinear form on an n-dimensional 
Fg-vector space may be extended to a non-degenerate Hermitian form on an n-dimensional Fq2- 
vector space. Also, any isometry of the symmetric form may be extended to an isometry of the 
Hermitian form, which means we may embed any finite orthogonal group 0=^(n,Fg) (either split 
or non-split) in the group U(n,Fg). 

Similarly, in the case that q is even, any non-degenerate symplectic bilinear form on a 
2n-dimensional Fg-vector space may be extended to a non-degenerate Hermitian form on a 2n- 
dimensional Fq2-vector space, and any isometry of that symplectic form may be extended to an 
isometry of the Hermitian form. Thus, we may embed the finite symplectic group Sp(2n,Fq), q 
even, in the group U(2n,Fg). 

2.2 Conjugacy classes in finite unitary groups 

The conjugacy classes of U(n,Fg), as described in [21 [20], are determined by the theory of 
elementary divisors, similar to GL(n,Fg). Let ¥q be a fixed algebraic closure of ¥q, and extend 
the definition of F on ¥q as F(a) = a'^. Define the map Fjj on Fg as Fjj(a) = a"''. Recall that 
monic irreducible polynomials with nonzero constant in ¥q[t] are in bijection with F-orbits of 
Fg , via the correspondence 

{a,a^o^',...,a«'"'} ^ (t - a)(t - a«) ■ ■ ■ (t - a«'"'), 

and lists of powers of irreducible polynomials, or elementary divisors, whose product has degree 
n, determine conjugacy classes of GL(n, Fg). For the group U(n, Fg), we obtain conjugacy classes 
by replacing F by Ffj. That is, consider F^j-orbits of Fg , and the correspondence 

{a, a-<?, , . . . , a^"'?)""' } ^ (t - a) (t - a"*?) (t - a"' ) • • • (t - o^"^)""' ) . (2.2) 

The polynomials obtained in this way are monic polynomials in Fg2[t] with nonzero constant 
which we call U -irreducible polynomials (following [2]). The conjugacy classes of U(n,Fg) then 
correspond to lists of powers of [/-irreducible polynomials (the elementary divisors in this case), 
the product of which has degree n. 

To be more precise, let U be the set of [/-irreducible polynomials in Fg2[t], and let V be 
the set of all partitions of non-negative integers. Given f £ U, let d{f) denote its degree, and 
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given a partition /x € with jj = {jji, fi2, ■ ■ ■ , fJ-i), let = Y2i=if^i- L^t € 7^ denote the 
empty partition, where |0[ = 0. The conjugacy classes of U(n,Fq) are parametrized by functions 
fj, '.U ^ V such that 

j;d(/)|/x(/)j=n. 

feu 

Let C/j, denote the conjugacy class parametrized by /x, and let U/j, be the support of /x, the set 
of all f eU such that /x(/) / 0. Given any / G with /x(/) = (/x(/)i, /x(/)2, . . . , /x(/)0, any 
element g has as elementary divisors 

fM(/)i fM{/)2 fM(/)i 
J ? J •: • • • 1 J 1 

and moreover, 

n n/'^^'^' 

is the characteristic polynomial of 5 € U(n,Fg). 

Given any conjugacy class of U(n,Fg), let nj = (i(/)|/x(/)|, and let /Xj : Z// — )■ P be 
defined by /xj(/) = /x(/), and /xj(/i) = for any h ^ U, h ^ f . Then contains an element 
g which is in block diagonal form, g = {gf)f&u^j where gj € U(nj,Fg) such that gj E c^^, . In 
the case f = t — 1, gf is a unipotent element of U(n/,Fg). Given this notation, let C{g) denote 
the centralizer of g in U(n,Fg), and let Cf{gf) denote the centralizer of gf in U(n/,Fg). The 
following comes directly from the description of the orders of centralizers in finite unitary groups 
due to Wall [201 Sec. 2.6, Case (A), proof of (iv)]. 

Proposition 2.1. Let g G U(n,Fg) with g G c^. The centralizer of g = {gf)f<^u in- U(n,F|j) is 
the direct product of the centralizers of gj in U(nj,Fg). That is, 

c{g) = n 

2.3 Real conjugacy classes 

The real conjugacy classes of U(n,Fg), given in [12J, are described as follows. Let f G U 
correspond to the F[/-orbit of a G F^ as in (f2^ . so /(t) = {t - a) ■ ■ ■ {t - a^^^^'*"^). Define 
/ G ^/ to be the f7- irreducible polynomial corresponding to the F[/-orbit of a~^, so f{t) = 
(t - a-i)(t -ai)---{t- a-^-i^"''). Then the real conjugacy classes of U(n,Fq) are exactly those 
C/j, such that fJ-{f) = fJ-if) for all f G U. Note that we may have f = f, such as the case 
f = t ±1. If u(t) is any product of [/-irreducible polynomials, then we may define u to be the 
product of / for all [/-irreducible factors of u{t) (the factorization of which is unique [2]). 

If h{t) is a monic irreducible polynomial in ¥q[t] corresponding to the F-orbit of a G F^ , 
we may similarly define h{t) as the monic irreducible polynomial with nonzero constant cor- 
responding to the i^-orbit of a~^. We may then extend the definition of H{t) for any monic 
H{t) G Fq[t] with nonzero constant as the product of h{t) for all irreducible factors h(t) of H{t), 
and moreover this is consistent with the extension to products of [/-irreducible polynomials 
given in the previous paragraph. It is observed in [12] that the real conjugacy classes of U(ra, F^) 
are in bijection with real conjugacy classes of GL(n,Fg), which follows from the fact that for 
any a G Fg , the union of the i^jy-orbits of a and is equal to the union of the F-orbits of 
a and a~^. In particular, any polynomial u{t) G Fg2[t] which is the product of [/-irreducible 
polynomials and satisfies n = n, is a monic polynomial with nonzero constant in ¥q[t] which 
satisfies u = u, and vice versa. 
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As in Section 12. H in the case that q is odd, we may embed any finite orthogonal group 
0^(n, ¥q) in U(n, Fg). The following results are due to Wonenburger [21] and Wall [20l Sec. 2.6, 
Cases (A) and (C)], respectively. 

Proposition 2.2. Let q be the power of an odd prime. 

(i) Every element in an orthogonal group 0^(n,Fg) is strongly real. 

(a) An element g of \J{n,¥q) (or Gh{n,¥q)) is an element of an embedded orthogonal group 
0^{n,¥q) if and only if g is real and every elementary divisor of g of the form [t it 
occurs with even multiplicity. 

Another way of stating Proposition 12.20 1) is that a conjugacy class in \J{n,¥q) consists of 
elements from a subgroup isomorphic to an orthogonal group 0±(n,Fg) if and only if = 
for every f ^U, and for f = t ±1, any even part of has even multiplicity. 
The next statement, which follows directly from Proposition 12.21 is given in \13\ Proposition 
5.2(a)]. 

Proposition 2.3. Let q be the power of an odd prime. Let g G U(n,Fg) be a real element such 
that every elementary divisor of g of the form (t it 1)2"* occurs with even multiplicity. Then g 
is strongly real. 

The main result of this paper, then, is the converse of Proposition 12.31 

In the case that q is even, we may embed Sp(2n,Fg) in U(2n,Fq). The following results, 
where (i) was obtained by Ellers and Nolte [l] and Gow [TT], and (ii) follows from [15] or [201 
Sec. 3.7], are results which parallel those in Proposition 12. 2i 

Proposition 2.4. Let q be a power of 2. 

(i) Every element in the group Sp(2n,F|j) is strongly real. 

(ii) An element g o/U(2n,Fg) (or GL(2n,Fg) ) is an element of a embedded Sp(2n,Fg) if and 
only if g is real and every elementary divisor of g of the form {t — l)2m+i^ m > 1, occurs 
with even multiplicity. 

That is, by Proposition 12.4^ 1) . a conjugacy class in U(2n,Fg), q even, consists of elements 
from a subgroup isomorphic to Sp(2n,Fq) if and only if /x(/) = fJ-{f) for every f GU, and any 
odd part of — 1) greater than 1 has even multiplicity. So, from Proposition 12. 4| we have the 
following statement, which is jl3l Proposition 5.2(b)]. 

Proposition 2.5. Let q be a power of 2. Let g € U(2n,F|j) be a real element such that every 
elementary divisor of g of the form (t — 1)2™+!^ m > 1, occurs with even multiplicity. Then g 
is strongly real. 

Unlike Proposition 12. 3^ the converse of Proposition 12.51 is false, which we show in Section [6l 

3 Reduction to unipotent elements 

In this section, we reduce the proof of the main theorem to proving the statement only for 
unipotent elements. We may prove this reduction statement without restricting q, as follows. 
Recall the following notation from Section 12.21 Given f ^lA, and n : U ^ V, lA^ is the set of 
all f such that /x(/) ^ 0, and for any fGU,Hj-: U^V is defined by fJ-fif) = fJ'if), and 
fif{h) = ^ for any h ^ f. 
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Proposition 3.1. Fix q the power of any prime. Let be a real conjugacy class in U(n,Fq). 
The conjugacy class is strongly real in U(n, Fg) if and only if the conjugacy classes c^^_^ and 
^ij-t+i ^'"^ strongly real in U(nf_i,Fg) and U(nt+i,Fq), respectively. 

Proof. Let be a real conjugacy class of U(n,Fq), and let g = {gf)feUfj. be a block diagonal 
element of c^, where gj G U(n/,Fq), with gj £ c^^., and n/ = as in Section [2T2l We 

must show that g is strongly real if and only if gt^i and gt+i are strongly real. 

Given the real conjugacy class c^, and the block diagonal element g = [gj) G c^, for any 
/ G lA^j^, define gf* = gf whenever / = /, and in the case f ^ f, define gj* as the block diagonal 

element ^ ^-^ ^ ^. Likewise, define nf*=nfiif = f, and define nj* = Uf + nj f ^ f. 

With this notation, we may write g as a block diagonal element g = {gf)f^u = (gj*), where gf* 
is a real element of U(nj*,Fg). Note that, whenever / / t it 1, but f = f, then the degree of / 
is even. Thus, if / 7^ t it 1, then /* has even degree, and it follows from Proposition 12.31 (if q is 
odd) and Proposition 12.51 (if q is even) that gf* is strongly real in U(nj*,Fq). For each such /*, 
let s/* G U(n/*,Fg) be the element with the property that s'j, = 1 and Sf*gf*Sf* = gj} . 

Suppose that gt-i and gt+i are strongly real, and let st±i G U(n(-|-i,Fq) be the elements 
such that s^^^ = 1 and st±igt±ist±i = g~[±i- Now define the block diagonal element s = (sy) G 
J|j*U(nj*,Fq) C U(n,Fq). Then s satisfies = 1 and sgs = g~^, so g is strongly real in 
U(n,F,). 

Conversely, suppose that g = (gf*) G U(nj. , F^) is strongly real in U(n,Fg), and let 
s G U(n,Fq) be such that = 1 and sgs = g^^. Since each gf* is a real element of U(n/*,Fq), 
then for each /*, there is some bf* G U(nj*,Fq) such that bf*gf*bj} = gj} . Letting b be the 
block diagonal element b = (bf*), it follows that we must have s G bC{g), where C{g) is the 
centralizer of g in U(n,Fq). It follows from Proposition 12.11 that C{g) = Y\f* Cf*{gf*), where 
Cf*{gf*) is the centralizer of gf* in U(nj*,Fq). Thus, we have 

s(^bC{g) = \{bf*Cf*{gf*). 

f 

That is, s must be in block diagonal form itself, so s = (sj*) G Y\f* U(?T'/*)Fq). For each /*, we 
must then have Sj* = 1 and Sf*gf*Sf* = gj} . In particular, taking / = t it 1, we may conclude 
that the elements gt±i are strongly real in \]{nt±i,¥q). □ 

In the case that q is even, since t + 1 = i — 1, Proposition 13.11 reduces the classification of 
strongly real classes in U(n, ¥q) to the classification of strongly real unipotent classes in U(n, ¥g). 
When q is odd, we say a class c-y of U(n, ¥g) is negative unipotent if 7(/) = whenever / 7^ t + 1. 
To reduce to the unipotent case when q is odd, we need the following. 

Proposition 3.2. Let be the set of partitions such that a unipotent conjugacy class Cfj, of 
U(n,Fq) is strongly real if and only if fj,(t — l) G . Then, a negative unipotent conjugacy class 
Cj of \]{n,¥q) is strongly real if and only if ^{t + 1) G . 

Proof. Let 5 be a negative unipotent element of U(n, Fg) in the conjugacy class c-y. Then —g is a 
unipotent element in the class c^, where /x(t— 1) = 7(t + l). If 7(t + l) G , then /x(t — 1) G , 
so —g is strongly real. If s{—g)s = —g~^ with s G U(n,Fq) and = 1, then sgs = g^^, so g is 
strongly real. Conversely, if g is strongly real, then so is —g, so /i(t — 1) = '-f{t + 1) G . □ 

That is, we have the following. 
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Corollary 3.1. The converse of Proposition [273\ holds for any real g E \J{n,¥q), q odd, if and 
only if it holds for any unipotent element. 

Thus, we now focus our attention on unipotent classes of U(n,Fq). These conjugacy classes 
are parametrized by partitions of n. For any partition /i = (/Ui, /i2, . . . , m) oi n, we will call the 
corresponding unipotent class of U(n, ¥q) the unipotent class of type fi. We will use the notation 
that rrii denotes the multiplicity of the part i, and we write fi = {k"^''{k — . . . 1™!)^ 

where k = fii is the largest part of /U. 

For example, if /U = (5,5,3,2,2,2,1,1), then we may write ^ = (5^3^2^1^). The unipotent 
class of U(21,Fq) of type /x consists of elements with elementary divisors 

(t - l)^ it - 1)5, (t - 1)3, (t - 1)2, it - 1)2, (t - l)2,t - l,t - 1. 

4 Reduction of powers 

Let V be an n-dimensional F^2-vector space, and let H he a non-degenerate Hermitian form on 
V which defines a finite unitary group U(n,Fq). 

Throughout this section, let x be a unipotent element of U(n, F^) of type fj, = (k"^'^ ■ ■ ■ 2™^ l^i ) . 
For each elementary divisor (t — 1)' of x, we may choose vectors Vi G V, i = 1,...,/, with the 
property that xvi = vi, and xvi = Vi + Vi-i for i = 2, . . . ,/. This follows from the fact that 
X G U(n,Fg) is also a unipotent element of type /i in GL(n,F^2). If we choose such vectors for 
every elementary divisor of x, label them as follows. If {t — 1)' has multiplicity m/, label these 
elementary divisors by j = 1, 2, . . . , m/. Let G V, for 1 < j < mi, 1 < i < I, he the vectors 
associated with the elementary divisor (t — 1)' with label j, with the property xv^'' = v^'' and 
xv^''' = + ^^l^^ii 2 < i < I. Now, the set of vectors 

{v\'^ I I <l < k,l < j <mi,l <i <l} 

forms an Fg2 -linear basis of V. We fix this notation for a basis of V defined by the unipotent 
element x G U(n,Fg) of type fi = (A;™'-' • • • 2™2i™i) throughout the section. 

Lemma 4.1. Let i < 1,1' < k, 1 < j < mi, 1 < j' < mi', and 1 < r < I. Then, for any i,i' 
such that 1 < i < r and 1 <i' <l' — r, we have H{vY ,v\,'-' ) = 0. 

Proof. If r = 1, the claim is that H{v{^,v./) = for all 1 < z' < /' - 1. Then 2 < i' + 1 < 
and since x G U(n,F|j), then x stabilizes the Hermitian form H by definition. We then have 

H{v{^ ,v\,'l^) = H{xv{\xv\;l-^) 

= H{v'^,vl{^) + H{v'i^,vi/), 

which gives H{v{-^ ,v\,'-^ ) = 0- 

Now suppose the statement holds for an r, 1 < r < Z — 1, so H{vY ,v\,'^ ) = for any 
1 < i < r and 1 < i' < I' — r. To prove that the statement for r + 1, it is enough to show that 
for any 1 < z' < /' — r — 1, we have H{vl^^i,v''-/-' ) = 0. Then, for any such i', we have i' + 1 < I'. 
We then have 

H{v;li,Vi,'^^) = Hixvl:l^,xv.,'^^) 

= H^l:i„44^ + H^l:i„4/) + HU:',4fy + H(vl:^,4/). 
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From the induction hypothesis, we have H{vr\v\,'^-^) = H{vr^ ,v\,'^ ) = 0, since i' + 1 <l' 



r. 



Thus H{v'j.^j^i,v\,'^ ) = 0, and by induction, the statement holds for ah 1 < r < /. □ 



Lemma 4.2. Let 1 < 1,1' < k, 1 < j < mi, 1 < f < mi'. If either <i' <l' -1, or < i' < I' 
and I' < I, then H{v{\v./) = 0. 



Proof. First, if < i' < /' — 1, then the claim follows from Lemma l4.ll by taking r = 1. So 
suppose i' = V < I. Note that we have H{v\]\v\'-^ ) = 0, by the case just covered. We claim 

that, in fact, for any i < I', we have H{vl/'^_^j^i,v\ '-^ ) = 0. If the statement holds for an i, 
1 < i < /' — 1, then consider 

Now, H{v\',^_^j^-^,v\ '-^ ) = by the induction hypothesis, and H{v\)-'_^,v\ '■' ) = by Lemma Wl\ 
with r = I' — i, and so H{vi',-'_-,v''-^-^) = 0. By induction, the statement holds for i = I', and so 
H{v{^,vl'/) = 0. □ 

Now, given some k' such that 2 < k' < k and mk' > 0, define the subspace of F as follows: 

W = span{?;f | k' < I' < k,l < j' < m;/}. (4.1) 

Lemma 4.3. Let 2 < k' < k such that m^/ > 0, and W the subspace as in ^4-^\ )- Then xW = W 
and xW^ = , and W'^ is given by 

span{u'/^'' I I <l' <k,l < f <mv,{)<i' <l' and i' < l' if l' > k'} 

Proof. Letting 

U = span{t;'/^'' | I < I' < k, I < j' < mi^ ,0< i < l' and i' < I' if /' > k'}, 

we have U C W'^ by Lemma 14.21 Since dim(C/) + dim(Ty) = dim(y), then we have U = W^. 
Since xv\ '■' = v\ '■' whenever k' < I' < k, 1 < j' < mii, then xW = W. Since x preserves H and 
xW = W, then xW^ = W^. □ 

We now assume that our unipotent element x is strongly real in \J{n,¥q), so we let s € 
U(n,Fq) have the property that = 1 and sxs = x~^. 

I' i' 

Lemma 4.4. For any basis element v-, , its image under xs is given by 



I'd' 

XSV-i 



i=l 



Proof. If i' = 1, then xv-^'-' = v^'"'' = x ^v^'-^ , and since sxs = x ^, then xsv^''' = sv-^^'-^ , 
and the statement holds for i' = 1. By induction, suppose the statement holds for an i' < I'. 
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Then since sxsv\,''' = x ^v\,'^ , then x ^v\,'^ = X]i=i(~l)* • Since i' + 1 > 1, then 

i',3' , I'd' -1 I'd' I -1 I'd' I'd' Mil u 

a^f^i'+i = Vj^, so X '-v-r +x v-,'^^ = v-,':l_^. We now have 

i' 

I'd' _ ^-i I'd' _ I'd' ^-i I'd' _ I'd' STf -\\i'+i-ij'd' 



;s-E(-i)-'- 



sxsv^,-^ = X v.,l^ = v.,l^ - X v-r = V. 

i=l 

This imphes xsv''-,'^-^^ = Yl\=i i~^y' ^''^i ' giving the resuh. □ 

We next describe the image under s of any x-fixed vector. 
Lemma 4.5. Suppose v such that xv = v. Then sv € spanji'^''' | 1 < I < k,l < j < mi}. 
Proof. Since sxs = x"^ and xv = v = x~^v, then xsv = sv, or xsv — sv = 0. Write 

k mi I 



sv = } > > b^i^v^ ■ 



1=1 j=i i=i 



Then, from the action of x on each basis element v^''' , we have 

k I mi / l—l 



1=1 \j=i \i=i ) 



Subtracting xsv — sv gives 

k mi l—l 

^sv-sv = Y,Y.T.^dA''- (4-2) 

1=1 j=i 1=1 

Since also xsv — sv = 0, we must then have b\'^^ = for all 1 < i < / — 1, 1 < / < A;, 1 < j < m/. 
That is, sv = XlLi Sj^i b\^v{^ ■ □ 

We now introduce some notation for the purpose of understanding the image of any basis 
vector f','-' under the action of s. Fixing then for any i,j,l, define j/ j/) £ as 



k mi I 

=Y.Jl^''^ill'd',i'A''■ 
l=l j=i i=i 



That is, d.'i,, ., is the coefficient of u''"' in the vector sui'"' . 

I' i' 

Lemma 4.6. For any basis element v-, , we have 



k mi min{«',i} 

^^^■''''=EE E 
1=1 j=i 1=1 



Proof. Consider the case i' = 1. Then xv\''^ = v[''^ , and so by Lemma 14.51 we have 

k mi k mi min{l,;} 

^^l''' = EE4f(/',,M)^i' = EE E ^'i/',/,!)^!''- 



1=1 j=l 1=1 j=l i=l 
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That is, the result holds for i' = 1 hy Lemma 14.51 By induction, suppose that for an r < 
the statement holds for all i', 1 < i' < r, and we consider v^^^. By Lemma 14.41 we have 

xsvl^i — sv^^li = X]^=i(— l)''^^^"^st'r'"' , and by the induction hypothesis, for each r, 1 < r < r, 
we have 

k nil inin{T,/} 

1=1 j=l i=l 

Also, just as in the calculation in the proof of Lemma 14.51 resulting in (14. 2p . we have 



I'd' I'd' 



k mi l~l 



XI XI XI '^i+l(l',j',r+l)^i^ ■ 
1=1 j=l 1=1 



I' i' I' i' 

Equating the two resulting expressions for xsv^'jI_i — su^^j^ yields 

k nil '-1 r k mi min{T,/} 

(=1 j = l i=l T=l 1=1 j = l 1=1 

On the right side of ()4.3p . every vector appearing in the sum satisfies i < r. So, from the 
left side, we must have a'^-^ j, ^^-^^ = whenever i > r, i < I — I. That is, a^'|^, j, ^^-^^ ^ only 
if i < min{r + 1, / }, as claimed. □ 

In the case of a basis vector of the type v[ '"' , we may strengthen Lemma 14.61 in the following 
form. 

I' ?' 

Lemma 4.7. For any basis vector of the form , its image under s is given by 

k mi 

I'd' Id Id 

1=1' j=i 

Proof. Consider a general basis element , such that 1 < z' < I'. Then, by Lemma 14.61 and 

the same calculation as in the proof of Lemma 14.61 giving (j4.3p , replace r + 1 with i' to obtain 

I' j' V j' 

the following equation, where each side is equal to xsv-, — sv-, : 

k mi l-l i'-l k mi min{r,i} 

EEE«Ki,(..'.')-''^ = E(-ir''^EE E '^kr.,-'^'- (4-4) 

1=1 j=l i=l T=l 1=1 j=l i=l 

For any I such that i' — 1 < I, and any j < rrii, consider the coefficient of v''-f_-^ on each side of 
Id _ _ Id 

h',{l'd',i') ~ 

_ i'd 

,{l'd',i') ~ ^i'-l,{l'd',i'-iy 



([Ol). This gives a.^j'^i') = In particular, if / = i', then for any j < niii, we 

have a\Aii = —a./^i ni •/ Since this holds for any i' such that 1 < i' < I' , we have 



i d i d * :i ( ^ d (A r\ 

^i'Xl'd',i') ~ ~"'i'-l,{l'd',i'-^) ~ "'i'-2,{l',j',i'-2) — ' ' ' — {-^) '^1,(1' ,j' ,1)- l^-'^j 

Now consider the vector and the equation obtained like that in ()4.4p . by considering 

the two expressions for xsv''-,'^-^ — sv^-,'^^. This is 

k mi l-l i' k mi mm{T,l} 

EEE»:i.«'..,m,"!'' = E(-i)"*'-'EE E ^W.,-!"- c-e) 

1=1 j=l 1=1 T=l 1=1 j=l i=l 
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Consider the coefficient of f*/'"', for any j < rriii, on both sides of (|4.6p . This vector does 
not appear on the left side of (14.60 . while the coefficient on the right side is a-A,, ., and so 
'^iA{v ji i') ~ 0- note that this holds also for i' = 1 from this argument. For i' > 1, from 
(j4.5p . we have o. j) = for any i < i' . In particular, letting i' = I, then for any / < /' and 
any j < mi, we have a'j^'-'^^, j, = 0, as desired. □ 

Lemma 4.8. Let s G \J{n,¥g) be such that = 1 and sxs = x~^ for the unipotent element x, 
and for some k' such that 2 < k' < k and mk' > 0, letW (^V be the subspace as in Then 
sW = W and sW^ = W^. 

Proof. Let v\''^ be any basis element of W as in (j4.ip . By Lemma 14.71 sv\''^ is a linear combi- 
nation of other such basis elements, hence sW = W. Since s preserves the Hermitian form H 
and sW = W, it foUows that sW-^ = as weU. □ 

We may now state and prove the main result of this section, which is the crucial step for the 
induction proof of the main result of the paper. 

Proposition 4.1. Suppose the unipotent class of type /i of\J{n,¥q) is strongly real, where 

^ = {k"'>= {k - ■ ■ • (Z - 1)"^'-! • • • 1'"! ) , 

with mi > 0, I > 2. Consider the unipotent class of type fX^ , where 

= {{k - 2)™^- •••(/+ l)'"'+3r'+2(/ - _ 2)™i-2+™i (/ - 3)™'-3 . . . ) , 

if 3 < I < k, or 

n* = {{k - 2)™^- • • • 2™n'"i+™3) , 

if I = 2, or 

^* = [{k - - 2)™'=-2+™ft(A: - S)™''-^ . . . , 

if I = k. Then the unipotent class /i* o/U(n*,Fg), where = ?i- — 2 m^', is strongly real. 

Proof. We are assuming the unipotent element x € U(n, F^) of type fi is strongly real, so let 
s G U(n,Fq) be such that = 1 and sxs = x~^. Given I, 2 < I < k, define 1^ C 1/ as in 
(j4.ip with k' = I. By the basis for W'^ given in Lemma 14.31 and the definition ofW, we have 
W C W-^. Consider the quotient space W-^/W. From this definition, and from Lemma |4.3[ a 
basis for W'^/W is given by 

{v-A'+W I l<l' <l,l<j' <mi:,0<i' < l'}U{v.A'+W I l<l' <k,l<j' <mi:,l<i' < I'}. 
In particular, this gives 

dim{W-^/W) =n-2^mi, =n*. 

i'>i 

Define a Hermitian form induced by H, Hi, on W-^/W by Hi{u + W,v + W) = H{u,v). 
Since xW = W and xW'^ = W'^ by Lemma [4.31 then x has an induced action of W'^/W, giving 
an element xi defined by xi{v + W) = xv + W, where xi is in the finite unitary group U(n'^, Fg) 
defined by the Hermitian form Hi. From the action of xi on the basis for W'^/W above, it 
follows that xi is a unipotent element of U(n'^,Fg), where the partition describing the class of 
xi is obtained from that of x by subtracting 2 from every part of /i which is I or larger. That 
is, xi is a unipotent element of type /i*. 
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Now, since s also satisfies sW = W and sW = W , there is an induced action of s on 
W-^/W, giving an element si in U(n*,Fg) defined by Hi. It follows immediately that sf = 1 
and SiXiSi = x^^ , and so Xi is strongly real in U(n#,Fg). □ 

For example, Proposition 14. II says that if a unipotent element of type /i = (8^6^5^4^3^2®1^) 
is strongly real, then so is a unipotent element of type (6^4^3^2^1^), by taking I = 2, and so is 
a unipotent element of type (6^4^3^2^1^), by taking / = 4. 



5 Main Results 

5.1 Proof of the main theorem 

The following result is a base case for the induction argument in the proof of the main theorem. 

Lemma 5.1. Let q be odd. Then every unipotent class in U(n,Fg) of type (2™^!™^), with m2 
odd, is not strongly real. 

Proof. For notational convenience, let m2 = r and mi = m, so n = 2r + m and r is odd. 

As in (j2.ip . we are free to choose the matrix J defining the Hermitian form for the finite 
unitary group. For any positive integer d, let denote the d-hy-d identity matrix, and let 
denote the d-hy-d matrix with I's on the anti-diagonal, and O's elsewhere, that is. 



Then we define U(n,F„) by the Hermitian form corresponding to the matrix 



J 



N2r 



Nr 



Nr 



Ir, 



It is enough to show that any particular unipotent element of type (2''1'") in U(n,Fg) is not 
strongly real. One such element is 



Ir 



air 

Ir 



In 



where a € F^2 such that a + d = and a ^ 0. Suppose that g is strongly real, so that there is 
some s G U(n, ¥g) such that = 1 and sgs = g~^. Writing s in block form, a direct computation 
gives that the condition sgs = g~^ forces s to be of the form 



Sll Si2 Sl3 

-sn 
S32 S33 

where su and S12 are r-by-r, S13 is r-by-m, S32 is m-by-r, and S33 is m-hy-m. From the condition 
= 1, it follows that sfi = 1, so that det(sii) = ±1. Further, the condition s G U(n,Fg), so 
that ~^sJs = J, implies that we must have """sirA^r-sii = —Nr. Taking the determinant of both 
sides of the last equation gives 1 = (—1)''. Since r and q are both assumed to be odd, this is a 
contradiction, and so the element g of type (2^1"^) is not strongly real. □ 
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Finally, we arrive at the main result. 

Theorem 5.1. Let q be odd. A real element g of \J{n,¥q) is strongly real if and only if every 
elementary divisor of the form (t zb qJ g j^g gy^fi multiplicity. 

Proof. By Proposition 12.31 we know that if a real element of U(n,Fg) satisfies these conditions, 
then it is strongly real. By Corollary 13. H it is enough to prove the converse statement for 
unipotent elements. 

So, we consider a unipotent element of type n = (A;™''= • • • 1"^^). We first show that if m2 is odd, 
while m2i is even for any i > 1, then the unipotent class of type fj, is not strongly real. We prove 
this claim by induction on the largest part k of fi. For k = 2, the statement is exactly Lemma [5. 11 
So suppose the statement holds for any k < i, where i > 3, and consider = • • • 
where rrij ^ 0. If an element of type /i is strongly real, then we may apply Proposition 14.11 and 
consider three cases. If i = 3, so /i = ^3"^3 2"*2 2™i)^ then a unipotent element of type /i cannot 
be strongly real, otherwise unipotent elements of type /i* = {2'^'^\™-^'^^'->) are strongly real, 
contradicting Lemma l5. 11 If i = 4, then /i = (4™4 3m3 2'"2 2™i)^ where 771,4 is even by assumption. 
Then unipotent elements of type cannot be strongly real, otherwise unipotent elements of type 

= {2'^-i^^i\'^i+^3^ are strongly real, where m2 + m4 is odd, again contradicting Lemma [5.11 
Finally, if z > 4, with 

^ = - l)"^-l(i - 2)™-2 . . . 2^2 1^1) ^ 

then if unipotent elements of type /i are strongly real, so are unipotent elements of type 

= ((i - I)'"-! (i - 2)'^-2+™> {i - 3)'"-3 . . . 2'^2 ^ ^ 

where mj_2 + 7^ 0, and is even if i is even, since i > 2. This contradicts the induction 
hypothesis, giving the claim. 

Now, with /i = (A;™*: • • • 2™2X™i)j we must show that if there exists some even j such that mj 
is odd, then the unipotent element of this type is not strongly real. We prove this by induction 
on the largest such j. The statement for j = 2 is exactly the claim just proved above. Assume 
it holds true for all even j < i, for some even i > 4. 

Consider a class of type /U = • • • 2"^^!'^^), where the largest even part with odd multi- 
plicity is i > 4. If the class of type is strongly real, then by Proposition 14.11 the class of type 
where 

^# = ((/c - 2)™* • • • j^^+Hi - i)"'+Ki - 2)™^ • • • 2™n"^i+™2) , 

is also strongly real. However, the largest even part of ^u* with odd multiplicity is j — 2, since 
we know is even for any even w > j. This contradicts the induction hypothesis, completing 
the proof. □ 

5.2 Symplectic groups 

Let q be odd. If V is a 2n-dimensional F^-vector space, with a non-degenerate alternating 
bilinear form, then this form may be extended to a non-degenerate Hermitian form on the 2n- 
dimensional Fg2-vector space obtained by extending V by scalars. In other words, the finite 
unitary group \J{2n,¥g) contains the finite symplectic group Sp(2n,Fg) as a subgroup. Here, 
we obtain partial results on strongly real conjugacy classes in Sp(2n,Fq) by applying this fact 
and Theorem 15.11 

The conjugacy classes of the finite symplectic group are described by Wall [20, Sec. 2.6, Case 
(B)] (see also [1] for a concise description). Using these results, we can describe the conjugacy 
classes of Sp(2n,Fg) in terms of the classes of \]{2n,¥q) as follows. Given a conjugacy class of 
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U(2n, ¥q) labeled by fi, then this class contains elements in Sp(2n, F^) if and only if the following 
hold: 

1. The class is a real class of U(2n,Fg), that is, /^(/) = for every f 

2. For / = t lb 1, every odd part of the partition has even multiplicity. 

Given a class of U(2n,Fq) which satisfies the above, we may further describe precisely how 
it splits into distinct classes in Sp(2n,Fg). In particular, if is such a class, and ki and k2 are 
the number of even integers with nonzero multiplicity in the partitions /^(t — 1) and /^(t + 1) 
respectively, then splits into 2'^i+'^2 distinct classes in Sp(2n,Fg). 

This fact prompts the following definition. Given a partition A, let mj{X) denote the mul- 
tiplicity of the part j in A. Define a symplectic signed partition to be a partition A, satisfying 
mj{\) is even whenever j is odd, together with a function 

6:{2i>Q I m2i{\) 7^ 0} ^ {±1}, 

which assigns a sign to each even integer which has nonzero multiplicity in A. Let denote 
the set of all symplectic signed partitions. For example, 

7 = (5, 5, 4-, 4-, 3, 3, 2+, 2+, 2+, 1, 1, 1, 1) = (5^, 4-2, 3^, 2+\ 1^) 

is a symplectic signed partition, where the parts of size 4 are assigned the sign — and the parts 
of size 2 are assigned the sign +. Given 7 € , let 7° denote the partition obtained by ignoring 
the sign function 5. So, given 7 in the example above, we have 7° = (5^,4^, 3^, 2^, 1^). 
Summarizing all of this, we have the following. 

Proposition 5.1. The conjugacy classes of Sp{2n,¥q), q odd, are parametrized by functions 

such that tJ,{f) G V and tJ,{f) = i/ / 7^ t ± 1, ± 1) G , and 

\^{t + 1)°| + - 1)°| + d{f)Hf)\ = 2n. 

f£UJ^t±l 

The conjugacy class o/U(2n,Fg) to which fi corresponds is the class c^o, where fi° : U ^ V is 
defined by fj.°{f) = n{f) iff^t±l, and fx° {t ± 1) = n{t ± 1)° . 

From Theorem 15.11 and Proposition 15. H we may immediately conclude the following. 

Corollary 5.1. Let q be odd, and consider a conjugacy class o/Sp(2n,Fg) parametrized by 
H -.U —> VVJ V^. If, for some 2i > 0, either m2i(/x(t — 1)°) or m2i{fJ'{t + 1)°) is odd, then this 
conjugacy class is not strongly real in Sp(2n,¥q). 

We note that there does not yet seem to be a classification of the strongly real classes of the 
group Sp(2n,Fg), q odd, and so Corollary 15.11 is a start in this direction. It is known, however, 
that when q = l(mod 4), then all classes of Sp(2n, F^) are real, while there are classes which are 
not real when q = 3 (mod 4), see [21} [3]. 
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5.3 Enumeration of strongly real classes 

Consider a conjugacy class of U(n,Fg) parametrized by /x, as in Section [21 For each positive 
integer i, define a polynomial Ui{t) by 

Define a partition of n as follows. For each positive integer i, define rii = X]/ew d{f)mi{fi{f)), 
and let m = mi{u). That is, u = (• • • 2>^i2^'^V^^), so that is a partition of n. We then have 
Ui = d{ui), and Y\iUi{ty is the characteristic polynomial of the elements in the conjugacy class 
parametrized by /x. Conversely, given any sequence of polynomials {ui{t),U2{t), . . .), each of 
which is a product of elements in U, such that ^iid{ui) = n, we may recover a unique by 
factoring each Ui{t) into elements of U, which is a unique factorization by |2]. Thus, such a 
sequence of polynomials in ¥g2[t] also parametrizes conjugacy classes in U(n,Fg). 

Now consider a real conjugacy class of U(n, F^), corresponding to the sequence of polynomials 
{ui{t),U2{t), . . .) as above. By the discussion in Section each Ui{t) satisfies Ui = Ui, that is, 
are self-conjugate monic polynomials, and Ui{t) G Fq[t]. So, real conjugacy classes of U(n,Fq) 
(and of GL(n,Fq), as we mentioned in Section [2^ . are parametrized by {ui{t),U2{t), ...) such 
that each Ui{t) £ ^g[t] is self-conjugate. Consider the factorization of each Ui{t) into products 
of irreducible polynomials in ¥q[t]. Since Ui{t) is self-conjugate, each of its irreducible factors 
must either be self-conjugate itself, or occur with equal power with its conjugate in ¥q[t]. By [5l 
Lemma 1.3.15], the only irreducible self-conjugate polynomials in ¥g[t] of odd degree are t — 1 
and t + 1, and every monic self-conjugate polynomial has constant ±1. Then, the constant term 
of Ui{t) is 1 if and only if the power of t — 1 in its factorization is even, and if this power is 
even, then the degree of Ui{t) is even if and only if the power of t + 1 in the factorization of 
Ui{t) is even. Since the powers of t it 1 in Ui{t) are precisely mi{fj,{t it 1)), then we may rephrase 
Theorem |5JJ as follows. 



Corollary 5.2. Let U2(t), . . .) correspond to a conjugacy class o/U(n,Fg), with q odd. 

Then this class is strongly real if and only if each Ui{t) is a monic self-conjugate polynomial in 
¥q[t] with nonzero constant, and whenever i is even, Ui{t) has even degree and constant term 1. 

We may now use Corollary 15.21 to enumerate the strongly real classes in U(n,Fq) when q is 
odd. To specify a strongly real class of U(n,Fg), we choose tt2(i), . . .) such that, when i 

is odd, Ui{t) is any self-conjugate polynomial in Fg[i] with non-zero constant, of degree nj, and 
when i is even, Ui{t) is a self-conjugate polynomial in Fq[f] with constant 1 of even degree nj, 
such that '^^irii = n. By [Sj Lemma 1.3.15], the number of self-conjugate polynomials in Fq[t] 
of degree > 1 with non-zero constant is qL"i/2j _|_ g\_{ni-i)/2\ ^ ^j^^ number of self-conjugate 
polynomials in Fq[t] with constant 1 of even degree nj is This allows us to compute the 

following. 

Corollary 5.3. LetT^^q he the number of strongly real classes mU(n,Fq), where q is odd (where 
n = gives the trivial group). Then a generating function for T„^q is given by 



(1 + qz 



2fc-l\2 



n=0 k=l 

Proof. From the discussion above, we know that 



1 1^1 — n 
i.= (---2"2l"l) 
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where c„.^g = gL"i/2j _|_ qli^i i)/2j ^i^^j^ z > 1 is odd, and when i is even, c„.^q = if 
even, and c„.^q = if is odd. So, 

oo oo 



n,' IS 



n=0 



ri=0 



E 

n=0 



1 li'l^n 
\,^=(...2"2l"l) 

e| e 

m=0 \ |CT| = m 

\ct = (-.-4"4 2"2) 

OO / 

E E 

n=0 \ |CT|=m 

\<T=(...4"42"2) 

For the first term in (15.11). we have 



E 



1 7 1 — m — n 
7=(---3"3l"l) 



E E 

n=0 \ \l\=ri 

\7=(---3"3l"l) 



OO / 

E E 

n=0 \ |o-|=m 



= (...4"42"2) 

where Aj = if j is odd, and Aj = q^/'^ if j is even. So, 

oo oo 
k even J=0 k even i=0 

For the second term in (jS.ip . we have 



n E^.-'^^ 

A: even j=0 



n i_g22fc- 

fc even 



(5.1) 



(5.2) 



E E 

n=0 \ |7|=" 

V7=(---3"3l"l) 



n E^.- 

k odd j=0 



kj 



where = gLi/2j + gL0-i)/2j if j > and Bq = 1, so Bj = 2g(-'-i)/2 if j is odd, and 
Bj = q^/'^ + if j > 2 is even. Then we have 

oo / oo oo \ 

n E = n 1 + E 29*^^'*+'^' + E(«*'"' + «*)^'*' 



A: odd i=0 



fc odd \ 1=0 
/ oo 



k odd \ i=0 i=0 2=0 

■l + g + 2gz'= \ -p-r {l + qz^f 



2ik 



fc odd 



qz 



2k 



fc odd 



qz 



2k 



Plugging (|5.2p and (|5.3p back into (|5.ip gives 



(5.3) 



E ^".'7^" ~ n 1 _ a22fc n 1 



(1 + qz' 



k\2 



n=0 



k even fc odd 



2fc 



which yields the desired generating function. 



□ 
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Let Kn^q be the total number of conjugacy classes in U(n, Fg), and let Rn,q be the number of 
real classes in U(n,Fg) with q odd. In contrast with Corollary 15.31 it is a result of Wall [20l Sec. 
2.6, Case (A), part (iii)] that X^^q -^".9-^" ~ T\T=i i-ql^ ? and it follows from the calculation 

m above that EZo ^n,.^" = 0^=1 ^SS^' 



6 Remarks on characteristic 2 



In this section, we give some partial results on the strongly real classes of U(n, F^) in the case 
that g is a power of 2. Throughout this section, we fix g to be a power of 2. It is useful that 
the results in Sections [3] and [4] apply to the characteristic 2 case, but these are not enough to 
give a complete classification. The starting point is Proposition 12.51 which gives a collection 
of elements in U(2n,Fq) which are strongly real. Our first result shows that the converse of 
Proposition 12.51 is false, unlike the converse of Proposition [ 



Proposition 6.1. A unipotent element of type (3,1) mU(4, F^), q even, is strongly real. 



Proof. Define the matrix Nd as in the proof of Lemma l5.1[ Define U(4,Fg) by the Hermitian 

1 



form corresponding to the matrix J 



One unipotent element in U(4, F^) of type 



(3, 1) is then an element of the form g 



lab 
1 a 
1 



1 



, where b + b = aa, and a ^ 0. We 



may assume that the polynomial t'^ + t + 1 € Fg[t] is reducible over F^2. Let /3 be a zero of this 
polynomial in F^2, and let a = f3a. Then we have + aa + = 0. 

la a 

1 Q 
1 

a 1 

sgs = g^^, which follows from the fact that + aa + = a + aa + a = 0. Thus g is a strongly 



Consider the element s 



Then ^sJs = J, so s € U(4,Fg), = 1, and 



real element of U(4, ¥q 



□ 



By combining Proposition 12.51 with Proposition 16. H and taking direct sums of elements in 
smaller unitary groups, we obtain the following statement, which gives a larger set of strongly 
real elements in U(n,Fg). 

Proposition 6.2. If an element in U(n,Fg), q even, has the property that either every elemen- 
tary divisor of the form (t — m > 1, has even multiplicity, or has t — 1 as an elementary 
divisor with positive multiplicity, and every elementary divisor of the form {t — m > 2, 
has even multiplicity, then that element is strongly real in U(ra,Fq). 

We now find some elements in \J{n,¥q) which are not strongly real. 

Proposition 6.3. A unipotent element of type (3,2) in U(5,Fg), q even, is not strongly real. 



Proof. Define U(5,Fg) by the Hermitian form defined by J 



N2 



. Then one unipotent 
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element of type (3, 2) in U(5, ¥q) is of the form g 



1 a b 
1 a 
1 



0. Now assume that s G U(5, ¥q) is such that s = 1 and sgs = g 



1 1 

1 

-1 



, where b+b = aa and a ^ 



9 



and then that = 1, we obtain that s is of the form s 



Considering first that sgs 

1 Si2 Si3 aS25 Si5 " 
1 S23 S25 
1 

S42 S43 1 ■S45 
aS42 1 

where asi2 + as23 = b + b. Since ~^sJs = J and = 1, we have ~^sJ = Js. Applying this fact, we 

1 S12 Si3 aS25 Sis 

1 sIJ S25 
1 

s^ sTE 1 S45 
as^ 1 

Applying the fact that = 1 again, we find that S12 = 0. But then 0S12 + as23 = 6 + 5 = aa, 
so asi2 + asi2 = = aa. This implies a = 0, which is a contradiction. □ 

Proposition 6.4. A unipotent element of type {3^'), where r is odd, in \J{n,¥g), where n = 3r 
and q is even, is not strongly real. 

Proof. Define U(n,Fg) by the Hermitian form corresponding to J = N^j.. Then one unipotent 



find that s must be of the form s 



where S13 = S13 and S45 = S45. 



air bir 



Ir 



, where b + b = aa and a ^ 0. 



-1 



air 

Ir 

Using the fact that sgs = g~^ yields 



where (6 + 6)sii = aasn = asi2 + as23, and 



element in U(n, ¥q) of type (S**) has the form g - 
Assume that s S U(n,Fg) such that = 1 and sgs 

Sll S12 Si3 

that s must be of the form s = sn S23 

•511 _ 

each Sij is r-by-r. Applying that = 1 gives sf-^ = 1, S11S12 = S12S11, S11S23 = S23'5ii5 and 
•S11S13 + S12S23 + S13S11 = 0. Applying the trace to the last equation, and using the fact that 
tr(siisi3) = tr(si3Sii), we have tr(si2S23) = tr(s23Si2) = 0. 

Now, since sf^ = 1, then sn is unipotent, and tr(sii) = r. Also, since sn and S12 commute 
and Sll is unipotent, then tr(siisi2) = tr(si2), which may be observed by putting sn and S12 
simultaneously in upper triangular form over an algebraic closure. Since we are in characteristic 
two, then it follows by considering S12 in upper triangular form over an algebraic closure that 
we also have tr(sf2) = tr(si2)^. 

From the fact that ^sJs = J and = 1, we have ^sJ = Js. From this, we obtain S23 = 
Nr'^'si2Nr (among other relations we will not need), from which it follows that tr(s23) = tr(si2)- 
By taking the trace of aasn = asi2 + as23, we have aar = atr(si2) + atr(si2). We must thus 
have tr(si2) 7^ 0, otherwise we have aar = 0, so o = 0. 

From aasii = asi2 + as23) we have aasiisi2 = asi2 + 0^23512. Taking the trace of both 
sides, and applying that tr(siisi2) = tr(si2), tr(sf2) = tr(si2)^, and tr(s23Si2) = 0, we have 
aatr(si2) = atr(si2)^. Since tr(si2) 7^ and a 7^ 0, we get tr(si2) = a. Finally, since aar = 
atr(si2) + atr(si2), we have aar = aa + aa = 0, which implies a = 0, a contradiction. □ 

We may now apply Proposition 14. II to Propositions 16.31 and 16. 41 to obtain larger sets of classes 
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which are not strongly real. For example, from Proposition (631 we may show that any unipotent 
class of type (A;, I), where k is odd and I is even, and A; > ^, is not strongly real. From Proposition 
16.41 we find that any unipotent class of type {k^) where k and r are odd, is not strongly real, 
which generalizes [131 Proposition 5.1] that any regular unipotent element in U(n,Fg), where n 
is odd and q is even, is not strongly real. 

The most general statement we can obtain by applying Propositions 13.11 and 14.11 to Propo- 
sitions 16.31 and 16.41 is as follows. As the proof uses exactly the same type of induction argument 
used in the proof of Theorem 15. H we omit it. 

Proposition 6.5. Let g € U(n,Fq), with q even, and let fj, be the partition corresponding to the 
elementary divisors of g of the form {t — 1)'^'. Suppose that one of the following holds: 

1. The total number of odd parts of fi is odd, and if k is the smallest odd part of fj,, and I is 
the largest even part of fi (where 1 = if ^ has no even parts), then k — I >3. 

2. The partition /x has exactly one odd part, say k > 3, and if I is the largest even part of ^, 
then k — I = 1 and I has multiplicity one in ^. 

Then the element g is not strongly real in U(n,Fq). 

In the case that q is even, there of course must be either more strongly real classes in U(n, F^) 
than are given in Proposition 16.21 or more classes which are not strongly real than are given in 
Proposition 16.51 and almost certainly more of both. So the results in this section give only part 
of the picture. We leave open the problem of a complete classification of strongly real classes in 
U(n, ¥q) with q even. 
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